We find strong evidence for the stability of money demand of a semi-log form for the U.S., a log-log form for Japan and a semi-log form for Australia. This implies that there could be no finite satiation on the money demand curve as the nominal interest rate approaches zero and continue to stay near zero for a long period of time. The results support Friedman's (1969) zero nominal interest rate rule. We also estimate the welfare cost of inflation using the functions derived by Lucas (2000) from Bailey's (1956) definition of the welfare cost.
Introduction
Lucas (2000) argues that the log-log specification of Meltzer's (1963) money demand provides a better fit in the U.S. data than the semi-log specification of Cagan's (1956) ; hence, calling for the Federal Reserve to abandon the low-but-positive inflation policy and adopt the optimal monetary policy of Friedman's (1969) zero nominal interest rate rule. A recent paper by Ireland (2009) , however, pointed out to an important caveat to Lucas' (2000) conclusion. Ireland (2009) shows the opposite that the interest semi-log form of Cagan (1956) fits better with the post-1980 quarterly data.
The two specifications of the long-run relationship between money demand and interest rate are written as: Meltzer (1963) : Cagan (1956) :
where m denotes the money-income ratio and the nominal interest rate (r) represents the opportunity cost of money. η > 0 and ξ > 0 measure the interest elasticity and interest semi-elasticity of money demand, respectively.
As emphasized by Lucas (2000) , the different functional forms of money demand have very different behavior at low interest rates; hence, very different implications for the welfare cost 1 of inflation when the central bank moves to the Friedman's (1969) rule. The tail of the curve of the log-log specification of money demand implies that as interest rate approaches zero, the real money balances can become arbitrarily larger, while the semi-log specification has a finite satiation point (the intercept). Therefore, getting the right functional form of money demand is the first important step in evaluating the implementation of the monetary policy.
However, evaluating the stability of the specification is another important step to follow.
It is questionable to whether each specification is stable over time or it may change as the nominal interest rate approaches zero and remains at near zero for a longer period of time. We would also like to point to significant differences in the dataset used by Lucas (2000) and Ireland On the other hand, another essential part is looking for the right measure of monetary aggregate. Because of the retail sweep programs adopted by commercial banks since 1994, Ireland (2009) uses M1RS as a measure of money stock. M1RS is computed for the years since 1994 by adding M1 with the retail sweep funds estimated by Cynamon, Dutkowsky and Jones (2006) . At the same time, Carlson and Keen (1996) , Carlson et al. (2000) and Teles and Zhou (2005) argue that the retail sweep programs together with banking deregulation in the 1980s and the improvement in electronic payments in the 1990s has replace M1 with the money zero maturity (MZM) 2 in the role of money as liquid assets. Carlson and Keen (1996) and Carlson et al. (2000) provide evidence of the stability of the demand for MZM in the 1990s while Teles and Zhou (2005) estimate the money demand of the log-log specification and report the stability of the interest elasticity at 0.24. For the U.S. data, assessing the validity of the two measures is another focus of the paper.
The main objective of the paper is to evaluate the functional forms and stability of money demand at a low versus a high interest rate environment. The estimations are performed for three countries, the U.S., Japan and Australia for the post-1980 data. These countries are unique in the interest rate movements. The nominal interest rate in Japan has remained below 0.1 percent since mid 1995 while the cash rate in Australia has barely reached 3 percent over 3 decades and the U.S. Fed funds rate has just fallen to near zero since late 2008. Looking at the different behaviors of money demand in these three countries would provide an important implication of the satiation point of money demand as well as the comparative implication for the dynamic of the specification. Then, the welfare cost of inflation under each country's specification is evaluated for policy implications.
We employ the ideas of cointegration to examine the stable relationship between money and interest rate. Phillips-Ouliaris (1990) test for cointegration is applied while the nonstationarity of the series are tested using Phillips-Perron (1988) unit root test. To test for the stability of the long-run money demand functions over time, we use a similar strategy used by Rasche (1991), Hoffman, Rasche and Tieslau (1995) and Stock and Watson (1993) . Specifically, we decide on the functional form and the right measure of money demand by exploring whether the cointegration of each specification under each measure prevails in the recursive samples where the starting point of the sample period is held fixed and ending the estimation by updating the sample by 4 quarters recursively. We also employ Stock and Watson's (1993) dynamic ordinary least squares (DOLS) estimation to confirm that the results of the static estimates are robust.
The results provide strong evidence for the stability of the demand for M1RS in a semilog form for the U.S., the demand for M1 in a log-log form for Japan and the demand for M1 in a semi-log form for Australia. Whereas the semi-log form is stable for the country with high nominal interest rates, the log-log specification for the country where nominal interest rates remains near zero implies that there is no satiation point on the money demand curve. At the same time, the remaining question for the U.S. is whether the specification will change as the interest rates remain very low for a longer period of time.
The welfare cost of inflation using the functions derived by Lucas (2000) from Bailey's (1956) definition of the welfare is estimated. The results indicate that at the 6 percent nominal interest rate or 3 percent inflation, the welfare cost as opposed to the Friedman (1969) rule of zero interest rate is 0.05 percent for the U.S., 0.20 percent for Japan and 0.70 percent for Australia. Moreover, the gain from moving from a 10 percent inflation rate to zero inflation or price stability is equivalent to an increase in real income of 0.20 percent for the U.S., 0.30 percent for Japan and 2.55 percent for Australia. The lower gain for the U.S. is due to satiation on the money demand.
The Data
The data used in this paper are quarterly series and the variables for monetary aggregates and gross domestic products (GDP) of all countries are seasonally adjusted. Figure 1 displays the scatter plots of the relationship between money-income ratio and its opportunity cost of holding money for the three countries. In the U.S. data, M1RS-GDP ratio and MZM-GDP ratio are plotted side by side. The two measures seem to behave quite differently at very low interest rates. At near zero interest rates, the demand for M1RS seems to reach a finite satiation while the demand for MZM arbitrarily increases. Apparently, the demand for M1RS seems to pick up the semi-log form while the demand for MZM seems to behave like the log-log specification.
The Japanese data seem to fit with the log-log form of money demand function. At the same time, we also observe another notable feature when comparing the Japanese demand for M1 and the U.S. demand for M1RS. Looking at the Japanese data for the period before the call rate hit its near zero level (the pre-1995 period), the relationship between the M1-GDP ratio and the call rate resembles quite closely the current relationship between M1RS-GDP ratio and the Treasury bill rate. And the demand for M1 arbitrarily rises as the call rate remains longer at the near zero level. That the demand for M1RS will behave in a similar fashion is a further investigation. And, the Australian data seem not to give a clear picture of which functional form it may take. (1) and (2) as a linear relationship between ln{˭{ and ln{J{; and ln{˭{ and r, respectively. In this study, the analysis applies Phillips and Perron (1988) unit root test on ln{˭{, ln{J{ and r separately, treating ln{J{ and r as two different variables. Table 1 and 2 report the results of the unit root test to each of the three variables, ln{˭{, ln{J{ and r for the U. S., Japan and Australia. Specifically, an OLS estimation is performed for each variable on a constant { { and its own lagged value ( is the slope coefficient). The null hypothesis that the series has a unit root {H " : = 1{ is tested. Normally, the error term is serially correlated; hence, the Phillips-Perron test statistic Z t is computed by using Newey and West (1987) estimator of its long-run variance. We allow the positive autocorrelations in the error term (the lag truncation q) to go from 0 to 8 quarters. The critical values for Z t is reported in Hamilton's (1994, p. 763) For the U.S., both measures of money balances and both measures of the opportunity cost of holding money balances are tested ( Table 1 ). The null hypothesis of a unit root is rejected for almost all variables in the M1RS demand equation. Thus, the two functional forms of money demand can be tested for cointegration. For all variables in the MZM demand equation, we can reject the null hypothesis of unit root for the log of MZM and log of interest rate, but fail to reject the null for the interest rate at the level. Thus, only the log-log specification of demand for MZM is tested for cointegration. otes: Each panel reports and , the intercept and slope coefficient from an ordinary least squares regression of the variable on a constant and its own lag, together with Z t , the Phillips-Perron statistic corrected for autocorrelation in the regression error, computed using the Newey-West estimate of the error variance
for various values of the lag truncation parameter q. The critical values for Z t are reported by Hamilton (1994, Table B.6, 763) : -2.58 (10 percent*), -2.89 (5 percent**), and -3.51 (1 percent***). m is money stock measured as the ratio of M1 to GDP. r is the opportunity cost of holding money.
In Table 2 , none of the test statistics can reject the null hypothesis of a unit root for the three variables of Japan and Australia. This allows for tests of cointegration between pairs of these apparently nonstationary variables.
Money Demand Equation: The United States
The Phillips and Ouliaris (1990) test for cointegration is applied. The approach starts by estimating an OLS regression of equation (1) linking the nonstationary variable ln(m) and ln (r) or (2) Table 3 , the point estimates of interest elasticity is about twice as large. However, the test statistics fail to reject the null hypothesis of no cointegration in all the sample lengths. The results provide statistical evidence of the instability of the log-log specification of money demand for MZM. Taken together with the results obtained in Table 3 , the evidence seems to reject the claim by Carlson and Keen (1996) , Carlson et al. (2000) and Teles and Zhou (2005) that MZM is the right measure of monetary aggregate in the money demand function after the banking deregulation and financial innovation in the 1980s and 1990s.
Note that the results obtained in Table 3 and 4 are estimated from equation (1) and (2) where unitary income elasticity is imposed so that the variable on the left hand side ln(m) is the money-income ratio. As a robustness test to confirm that the results of no cointegration between ln(m) and ln(r) are not driven by the imposition of unitary income elasticity, we relax the restriction by estimating a linear relationship linking real money balances ln(M/P) to real income ln(Y/P) and nominal interest rate ln(r). Hamilton's (1994, 766) Table B .9 is used.
In both panels of Johansen (1988) . Unlike the static regressions, the approach cannot be used to test the hypothesis of cointegration or no cointegration, but requires prior knowledge of the cointegrating relationship between the nonstationary variables. Hence, only the semi-log money demand specification linking ln(m) and r is estimated. 3 Specifically, we add two leads and lags of ∆J to equation (2) 
Money Demand Equation: Japan
In this section, we examine the functional form of money demand and its stability in the case of Japan. The above procedure is applied and M1 is used as the measure of money balances. (1) in the left panel and (2) in the right panel and the slope coefficient { { from a regression of the error term from equation (1) or (2) on its own lagged value.
The results point to the stability of log-log specification of money demand for the post 1980 period. The tests summarized in the left panel of Table 7 rejects the null hypothesis of no cointegration between ln(m) and ln(r) in almost all the sample lengths at least at the 10 percent significance level while none of the tests summarized in the right panel of Table 7 rejects the null hypothesis of no cointegration between ln(m) and r throughout the recursive samples. The functional form of money demand is consistent with that used in previous studies on Japan. In their recursive samples starting 1955 -1974 and ending in 1990 , Hoffman et al. (1995 reports an estimate of interest elasticity for Japan falling from 0.99 to 0.52 throughout the sample lengths.
Our results report even smaller estimates, but rising from 0.09 in the 1980-2000 period to 0.12 for the sample ending in 2010.
In a robustness test to guarantee that the rejection of the semi-log form is not driven by the restriction of unitary income elasticity, we estimate a linear relationship linking real money balances ln(M/P) to real income ln(Y/P) and nominal interest rate r. Table 8 reports the OLS estimates of the intercept ӂ # , the slope coefficients ӂ $ and ӂ % that measure the income elasticity and interest semi-elasticity of money demand, and the slope coefficient { { obtained from the regression of the error term on its own lagged value. At both lag truncation q = 4 and 8, the
Phillips-Ouliaris statistic Z t fails to reject the null hypothesis of no cointegration across the sample lengths. Taken together, the results rule out completely the semi-log specification for
Japan by favoring the log-log specification of money demand for M1.
To confirm the result of stability of log-log functional form, the Stock and Watson (1993) dynamic OLS is applied. Table 9 reports intercept { # { and the slope coefficient { $ { from the DOLS estimation together with the standard error s.e.{ $ { computed using Newey and West's (1987) estimator of the long-run variance of the regression error. The estimates of interest elasticity vary in a very small range from 0.10 to 0.14 throughout the sample lengths, which closely resemble the estimates from the static regressions. In addition, the very small standard errors s.e.{ $ { at each value of q significantly reject the null hypothesis of zero point estimates { $ {. The results point to the log-log form of Meltzer (1963) money demand and the stability of relationship linking ln(m) and ln(r) in the case of Japan.
Money Demand Equation: Australia
It have been well known that after the financial deregulation in the 1980s, M3, which used to be the intermediate target of the Reserve Bank of Australia in implementing the monetary policy, has served no more a good measure of the demand for money (see Orden and Fisher, 1993) . Several attempts have been made by researchers and the bank staffs alike to find the right measure of money demand. de Brouwer, Ng and Subbaraman (1993) employ Engle and Granger (1987) and Johansen (1988) techniques on the demand for M1, M3 and broad money, and find little evidence of the linear combination between money, income and interest rates.
In this section, we look at the money demand in Australia. We apply Phillips and Ouliaris (1990) cointegration technique as the above cases on the demand for M1. Like before, we examine the functional form of money demand and its stability. (1) In a robustness test, we estimate a linear relationship linking real money balances ln(M/P) to real income ln(Y/P) and nominal interest rate ln(r). Table 11 reports the OLS estimates of the intercept ӂ # , the slope coefficients ӂ $ and ӂ % that measure the income elasticity and interest elasticity of money demand, and the slope coefficient { { obtained from the regression of the error term on its own lagged value. At both lag truncation q = 4 and 8, the Phillips-Ouliaris statistic Z t cannot reject the null hypothesis of no cointegration across the sample lengths. In conclusion, the results point to M1 as the good measure of money demand in Australia. The money demand for M1 in the semi-log specification with unitary income elasticity restriction is quite stable, especially in the samples extended into 2005 through to 2010. Bailey (1956) defines the welfare cost as the difference between the loss of consumer surplus (integrating under the money demand curve as the interest rate rises from zero to r > 0) and the seigniorage revenue (rm). That is, the welfare cost function w(r) is expressed as:
Welfare cost of inflation
Lucas (2000) derives the measure of welfare cost of inflation under the two respective money demand functions as:
when the demand money function takes the log-log form of equation (1) and
when the money demand function takes the semi-log form of equation (2). As discussed in Lucas (2000) , the value w(r) is the fraction of income an economy would require to give up so that the people are indifferent between living in a steady state with a positive interest rate r and otherwise living in an identical steady state with a zero interest rate. (the null hypothesis of no cointegration), corrected for autocorrelation in the residual, computed using the Newey-West estimate of the error variance for the lag truncation parameter q = 4 and 8. The critical values for Z t are reported by Hamilton (1994, Table B.9, 766) : -3.07 (10 percent*), -3.37 (5 percent**), and -3.96
(1 percent***). otes: # and $ , the intercept and slope coefficient are obtained from the ordinary least squares regression of ln(m) on ln(r), recursively; , the slope coefficient from an ordinary least squares regression of the corresponding regression error on its own lagged value; and Z t , the Phillips-Ouliaris statistic for = 1 (the null hypothesis of no cointegration), corrected for autocorrelation in the residual, computed using the Newey-West estimate of the error variance for the lag truncation parameter q = 4 and 8. The critical values for Z t are reported by Hamilton (1994, Table B.9, 766) : -3.07 (10 percent*), -3.37 (5 percent**), and -3.96 (1 percent***). , the slope coefficient from an ordinary least squares regression of the regression error on its own lagged value; and Z t , the Phillips-Ouliaris statistic for = 1, corrected for autocorrelation in the residual, computed using the Newey-West estimate of the error variance for the lag truncation parameter q = 4 and 8. The critical values for Z t are reported by Hamilton (1994, Table B.9, 766) : -3.52 (10 percent*), -3.80 (5 percent**), and -4.36 (1 percent***). (the null hypothesis of no cointegration), corrected for autocorrelation in the residual, computed using the Newey-West estimate of the error variance for the lag truncation parameter q = 4 and 8. The critical values for Z t are reported by Hamilton (1994, Table B.9, 766) : -3.07 (10 percent*), -3.37 (5 percent**), and -3.96
(1 percent***). A dummy variable, D06, which is 1 after 2005Q4, is included in all the regressions in which the samples extend into 2006. For those, the critical values for Z t are reported by Hamilton (1994, Table B.9, 766) : -3.45 (10 percent*), -3.77 (5 percent**), and -4.31 (1 percent***). -3.84 (10 percent*), -4.16 (5 percent**), and -4.65 (1 percent***). (the null hypothesis of no cointegration), corrected for autocorrelation in the residual, computed using the Newey-West estimate of the error variance for the lag truncation parameter q = 4 and 8. The critical values for Z t are reported by Hamilton (1994, Table B.9, 766) : -3.07 (10 percent*), -3.37 (5 percent**), and -3.96
(1 percent***). 
Conclusions
We apply Phillips-Ouliaris (1990) cointegration technique to the recursive samples of the U.S., Japan and Australia over the period 1980-2010. The results for the U.S. show that the demand for M1RS is stable under the semi-log specification and the demand for MZM is not stable under both log-log and semi-log specifications. There is no evidence of cointegrating relationship in both measure of money stock when the assumption of unitary income elasticity is relaxed. The evidence here confirms the aggregate measure of money stock used by Ireland Carlson and Keen (1996) and Teles and Zhou (2005) that MZM can be used as the intermediate target for money policy.
The cointegration results for Japan support the stability of the log-log form of the demand for M1. The estimate of the interest elasticity ranges from 0.09 to 0.12 in the static regressions and slightly higher in the DOLS regressions. The log-log specification seems to reflect the infinite satiation of the demand for money at near zero interest rate as the interest rate in Japan has remained below 0.1 percent for the last 15 years. For Australia, the semi-log form seems to be more stable, at least for the last half of the sample lengths. The estimate of semi-interest elasticity is about 5.7 in the static results and about 6 in the DOLS regressions which quite resembles the estimate Lucas (2000) obtains from the 1900-1994 U.S. data in the semi-log specification.
Using the estimates of the stable money demand functions, the welfare cost functions imply that there is trivial welfare gain for the U.S. to move from zero inflation to the Friedman (1969) zero nominal interest rate rule for deflation while the gain for Japan is substantial. Lucas (2000) notes that this is due to the difference in the functional form of money demand. However, if the money demand of Australia which fits the data of interest rate as low as 3 percent can be used to predict the behavior at interest rates in the zero to 3 percent range, the gain from the semi-log specification of Australia's demand for M1 is even greater than that from the log-log specification of Japan's. This seems to reinforce Ireland's (2009) conclusion that the functional form may not matter very much, but whether or not the behavior of money demand at (near) zero interest rate is limited by a finite satiation is critical. This brings the analysis back to Figure 1 in which the question asks whether the U.S. would pursue the trail of Japan when the interest rate remains and will remain near zero for a longer period of time.
